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Abstract 

Our aim in this paper is to classify the 3-dimensional connected 
differentiable global Bol loops, which have a non-solvable group as the 
group topologically generated by their left translations and to describe 
their relations to metric space geometries. The classification of global 
differentiable Bol loops significantly differs from the classification of 
local differentiable Bol loops. We treat the differentiable Bol loops as 
images of global differentiable sections a : G/H ^ G such that for 
all r, s G a{G/H) the element rsr lies in a{G/H), where H is the 
stabilizer of the identity e of L in G. 
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1 Introduction 

Differentiable diassociative loops can be treated following the ideas of Sophus 
Lie since for their tangential objects, binary Lie algebras, Lie’s first theorem 
and Lie’s third theorem are satisfied: To every binary Lie algebra there exists 
(up to local isomorphisms) a unique differentiable diassociative local loop. 
Kuzmin, Kerdman, and Nagy have proved that any local differentiable Mo- 
ufang loop (these loops form a subclass of the class of diassociative loops) 
can uniquely be embedded into a connected simply connected global one (cf. 
0. la. CD- This problem is more difficult for diassociative loops. Namely, 
there are local differentiable diassociative loops such that the corresponding 
global analytic loops do not exist (cf. [5]). In |5] the author gives in special 
cases the exact condition when a local diassociative loop can be embedded 
in a connected simply connected global one. 

The present research on loops turns to such classes C of differentiable loops 
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which have local forms determined in a unique way by algebras the proper¬ 
ties of which are deduced by the properties of the tangential objects of loops 
in the class C. The most important class C of such loops are the Bol loops. 
Their tangential objects, the Bol algebras, can be seen as Lie triple systems 
with an additional binary operation (cf. [18] pp. 84-86, Def. 6.10.). As 
known the Lie triple systems are in one-to-one correspondence to (global) 
simply connected symmetric spaces (cf. [HI, [18] Sec. 6). Hence there is a 
strong connection between the theory of differentiable Bol loops and the the¬ 
ory of symmetric spaces. In particular the theory of connected differentiable 
Bruck loops ( which form a subclass of the class of Bol loops) is essentially 
the theory of affine symmetric spaces (cf. [H] Sec. 11). 

The 1-dimensional connected differentiable Bol loops are isomorphic either 
to the group M or to 502 (®)- The smallest connected differentiable proper 
Bol loops are realized on 2-dimensional manifolds. There exist precisely two 
isotopism classes of proper 2-dimensional connected differentiable global Bol 
loops. As a representative of the one class we may choose the hyperbolic 
plane loop (cf. [T8], Section 22); this loop is the unique Bruck loop in the 
isotopism class of loops, having the connected component of the group of 
hyperbolic motions as the group topologically generated by their left trans¬ 
lations. As a representative of the other isotopism class may be chosen the 
2-dimensional Bruck loop which is realized on the pseudo-euclidean affine 
plane such that its left translations group is the connected component of the 
group of pseudo-euclidean motions and the elements of L are the lines of 
positive slope in the pseudo-euclidean affine plane (cf. [H] Section 25). 

Our aim in this paper is to classify the 3-dimensional connected differentiable 
global Bol loops, which have a non-solvable group as the group topologically 
generated by their left translations and to describe their relations to metric 
space geometries. The classification of global differentiable Bol loops signif¬ 
icantly differs from the classihcation of local differentiable Bol loops. There 
exist much more local differentiable Bol loops than global differentiable Bol 
loops, as we will also show in this paper. 

We treat the differentiable Bol loops as images of global differentiable sec¬ 
tions a : GjH —)■ G such that for all r, s G a{G/H) the element rsr lies in 
a{G/H), where H is the stabilizer of the identity e of L in G. Using the 
present theory of differentiable Bol loops it is not difficult to prove that G is 
four, five or sixdimensional. The images of sections for local Bol loops can be 
realized as the exponential images of Lie triple systems. But then we have to 
discuss which of these local Bol loops can be extended to global Bol loops. 
The results of our paper can summarized in the following 

Theorem There are precisely two isotopism classes Ci, {i = 1,2) of the 
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3-dimensional connected differentiable simple proper Bol loops L such that 
the group G generated by the left translations {Xx]x E L} is a non-solvable 
Lie group. 

The class C\ consists of Bol loops having the simple Lie group G = 
PSL 2 {C) as the group topologically generated by their left translations and 
as the stabilizer H of e E L in G the group SOsiM). 

Any loop in the class C\ can be characterized by a real parameter a, where 
— 1 < a < 1. The loops La are isotopic to the hyperbolic space loop Lq, which 
is realized on the hyperbolic space by the multiplication x ■ y = Te^x{y), where 
Te^x is the hyperbolic translation moving e onto x. The loop Lq is the only 
Bruck loop in C\. The loops La and Lf, in C\ are isomorphic if and only if 
the angles between the tangent 3-space iria, respectively nib and the tangent 
3-space mo are the same with respect to the Cartan-Killing form. This is the 
case if and only if b = ±a. 

The other class of simple Bol loops consists of 3-dimensional connected 
differentiable Bol loops such that the group G topologically generated by their 
left translations is the semidirect product PSL 2 (M) k where the action of 
PSL 2 {M.) on is the adjoint action of PSL 2 {Mf) on its Lie algebra, and for 
the stabilizer H of e E L we have 
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Any loop in this class can be characterized by three real parameters a, b, c, 
with a? + h‘^ < 1. In C 2 there is only one isomorphism class of Bruck loops, 
which consists of the loops L^ = i^o,o,c- As a representative of this isomor¬ 
phism class may be chosen the pseudo-euclidean space loop L = Lq^ q, which 
is realized on the pseudo-euclidean affine space. The connected component 
of the group of pseudo-euclidean motions is the group topologically generated 
by the left translations of L. The elements of L are the planes on which 
the euclidean metric is induced. Two loops La,b,c and La'^'^c' in the class C 2 
are isomorphic if and only if the angles between the tangent 3-space 
respectively ma'^b',c' and the tangent 3-space m = mg, 0,0 are the same with 
respect to the Cartan-Killing form. This is the case if and only is a = ±a'. 
The non-simple 3-dimensional differentiable proper Bol loops are either the 
direct products of a 1-dimensional Lie group with a 2-dimensional Bol loop 
isotopic to the hyperbolic plane loop or the unique Scheerer extension of the 
Lie group 5'02(I^) by the 2-dimensional hyperbolic plane loop. 


Another impotant class of differentiable loops which generalize the class of 
abelian groups is the class of left A-loops. These loops correspond strongly 
to reductive homogeneous spaces. We show that any 3-dimensional differen¬ 
tiable Bol loop which is also a left A-loop is either a Bruck loop or the unique 
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Scheerer extension of the orthogonal group S'02(l^) by the 2-dimensional hy¬ 
perbolic plane loop (which is not a Bruck loop). 

At the end of this paper we realize within the 3-dimensional pseudo-euclidean 
geometry on the set of euclidean planes differentiable loops which are not Bol 
loops but the corresponding section of which are given in a pure geometric 
manner. 


2 Bol loops and their Bol algebras 

A set L with a binary operation {x,y) x-y is called a loop if there exists an 
element e E L such that x = e-x = x■ e holds for all x G A and the equations 
a-y = b and x-a = b have precisely one solution which we denote hy y = a\b 
and X = b/a. The left translation Xa : y ^ a ■ y : L ^ L is a. bijection of L for 
any a E L. Two loops (Ai, o) and (A 2 , *) are called isotopic if there are three 
bijections a,/ 9,7 : Ai —)■ A 2 such that a{x) * (3{y) = 7 ( 0 ; o y) holds for any 
x^y E Ai. An isotopism is an equivalence relation. If a = /3 = 7 then the 
isotopic loops (Ai, o) and (A 2 , *) are called isomorphic. Let (Ai, •) and (A 2 , *) 
be two loops. The direct product A = Ai X A 2 = {(a, 6 ) \a E Li,b E A 2 } 
with the multiplication (ai, 6 i) o ( 02 , ^ 2 ) = (oi • ^ 2,^1 * ^ 2 ) is again a loop, 
which is called the direct product of Ai and A 2 , and the loops (Ai, •), (A 2 , *) 
are subloops of (A, o). 

A loop A is called a Bol loop if for any two left translations \a, Xb the product 
is again a left translation of A. 

Let G be the group generated by the left translations of A and let H be the 
stabilizer of e G A in the group G. The left translations of A form a subset 
of G acting on the cosets {xH] x E G} such that for any given cosets aif, bH 
there exists precisely one left translation with X^aH = bH. 

Conversely let G be a group, H be a subgroup containing no normal non¬ 
trivial subgroup of G and a : G/H ^ G he a section such that a satishes 
the following conditions: 

1. The image a{G/H) forms a subset of G with a{H) = 1 G G. 

2. a{G/H) generates G. 

3. a{G/H) acts sharply transitively on the space G/H of the left cosets 
{xH,x E G} (cf. [IB], p. 18). 

Then the multiplication on the factor space G/H dehned by xH * yH = 
a{xH)yH yields a loop A(cr). This loop is a Bol loop if and only if for all 
r,s E a{G/H) the element rsr is contained in a{G/H). 

If Ai and A 2 are Bol loops, then the direct product Ai x A 2 is again a Bol 
loop. 

Proposition 1. Let L be a loop and let G be the group generated by the 
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left translations of L, and denote by H the stabilizer of e G L in G. If G 
and H are direct products G = Gi x G 2 and H = Hi x H 2 with C Gi 
{i = 1,2) then the loop L is the direct product of two loops Li and L 2 , and 
Li is isomorphic to a loop L* having Gi as the group generated by its left 
translations and Hi as the corresponding stabilizer subgroup {i = 1 , 2 ). 

In particular there is no 3-dimensional Bol loop L such that L is the direct 
product of a 1-dimensional and a 2-dimensional Bol loop and G is a 5- or 
6 -dimensional Lie group. 

Proof. The first assertion is the Proposition 1.18. in [18]. The second as¬ 
sertion follows from the fact that a 1-dimensional Bol loop is a Lie group. 
Hence the dimension of the group G is at most 4. □ 


If the elements of L are points of a differentiable manifold and the operations 
{x,y) X ■ y, {x,y) 1 —)■ x/y, {x,y) 1 —)■ x\y ■. L x L ^ L are differentiable 
mappings then L is called a differentiable loop. Moreover the manifold L is 
parallelizable since the set of the left translations is sharply transitive. For a 
differentiable manifold L the group of all autohomeomorphisms of L becomes 
with respect to the compact-open topology a topological group. If L is a Bol 
loop then the group G topologically generated by the left translations within 
the group of autohomeomorphisms is a Lie group (cf. [H], p. 33; [I 6 ], pp. 
414-416). 

Every connected differentiable Bol loop is isomorphic to a Bol loop L realized 
on the factor space G/H, where G is a connected Lie group, if is a connected 
closed subgroup containing no normal subgroup 7 ^ { 1 } of G and the sharply 
transitive section cr of L is a differentiable map (cf. [18], p. 32). 


Proposition 2 . If L a connected differentiable 3-dimensional Bol loop, then 
the pairs (G, H) for the factor space G/H must be different from the follow¬ 
ing cases: 

a)G = SL 2 {C) orPSL 2 {C), H e {Uq, GJ respectively H e {G 0 /Z 2 , U 1 /Z 2 } 


with Ur = 


-{r -\- l)t(; z 


l)w 


\^\2 _|_ _ l )| y ;|2 = X 

X M and H is a 1-dimensional subgroup 


b) G is locally isomorphic to SO 3 
ofG. 

c) The group G = S' 03 (M) x is the connected component of the euclidean 
motion group and H is a semidirect product of a 2-dimensional translation 
group by a 1 -dimensional rotation group S' 02 (M). 

d) G = S' 03 (M) X SO^fR), and H is any 3-dimensional subgroup of G. 

e) G = SL 2 {C) or PSL 2 {C) and H = Wr respectively WrTj 2 lT, 2 , where 

exp((ri — l)x) 0 

z exp(—(ri — l)x) 


Wr = 


; X G M, z G C > for r G 
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Proof. In the case b) every 1-dimensional snbgronp if of G containing no 
non-trivial normal snbgronp of G has one of the following shapes: 

iii = {if X {0}}, or ii 2 = {if X (p(if)}, 

where if is isomorphic to 502 (M) and is a non-trivial homomorphism. 

In the case d) every 3-dimensional snbgronp H of G, which does not contain 
any normal snbgronp ^ {1} of G is conjugate to {(a, a)|a G 503(M)}. 

In the cases a), c) and for Hi in the case b) the factor space G/H is a 
topological product of spaces having as a factor the 2-sphere or the projective 
plane, which are non-parallelizable. In the cases d), e) and for H 2 in the case 
b) the factor space G/H is compact ([IB], Section 16). □ 

A real vector space V with a trilinear multiplication is called a Lie 

triple system V, if the following identities are satished: 

(X,X,Y) =0 

(X,Y,Z) + (Y,Z,X) + (Z,X,Y)=0 

( X,Y,(U,V,W) ) = ( (X,Y,U),V,W ) + (U,(X,Y,V),W ) +( U,V,(X,Y,W) ). 

A Bol algebra A is a Lie triple system (V, with a bilinear skew- 

symmetric operation [[.,.]], (Y, Y) i-)- [[X, Y]] : Y x Y —)■ Y such that the 
following identity is satished: 

1|(.Y, F, Z), H-'ll - |1(.Y, y, W), Z]] + (Z, W, IIA', F]]) 

-(.Y. F [[Z, W]]) + [[[|A', Y]]. ||Z, lY]]]] = 0. 

With any connected differentiable Bol loop L we can associate a Bol algebra 
in the following way: Let G be the Lie group topologically generated by the 
left translations of L, and let (g, [.,.]) be the Lie algebra of G. Denote by 
h the Lie algebra of the stabilizer if of e G L in G and by m = Tia{G/H) 
the tangent space at 1 G G of the image of the section a : G/H ^ G 
corresponding to the Bol loop L. Then g = m © h, [[m, m], m] Cm and m 
generates the Lie algebra g. The subspace m is the tangent Bol algebra of the 
Bol loop L the operations of which are dehned by (X, Y, Z) 1 —)■ [[X, Y], Y], 
(X, Y) i-G- [X, Yjm, where X, Y, Z are elements of the subspace m and 
Z I—)■ Ym : g —)■ m is the projection of g onto m along the subalgebra h. 
Miheev and Sabinin dehne for any Bol algebra A the standard enveloping 
Lie algebra of A (cf. [121 , pp. 428-429). If L is a connected differentiable 
Bol loop having a Bol algebra A as its tangent Bol algebra, then the Lie 
algebra g of the Lie group G topologically generated by the left translations 
of L is isomorphic to the standard enveloping Lie algebra of A. If A is a 
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n-dimensional Bol algebra, then the dimension of its standard enveloping Lie 

72(77, — 1 ) 

algebra is at most n H-^- (cf. [16], pp. 428-430). 

From every triple ((g, [.,.]), h, m) we can construct in a canonical way a 
triple ((g*, [.,.]*), h*, m) (cf. [I6|, pp. 424-425, and [H], Section 6). The Lie 
algebra (g*, [., .]*) is the Lie algebra of the isometry group of a symmetric 
space and the Lie algebra g is an epimorphic image of g*. Moreover the 
subspace m C (g, [., .]) determines a Lie triple system A := (m, 
with (.,.,.) = If the intersection of the centre of g with [m, m] is 

trivial then the Lie algebra g is an epimorphic image of the Lie algebra of the 
isometry group for the symmetric space belonging to the Lie triple system 
A. Hence if g = g* then g = m © [m, m]. 

Remark. Let G be a connected Lie group and let g be its Lie algebra. For 
the classihcation of differentiable local Bol loops L having G as the group 
topologically generated by the left translations such that g = m ® [m, m] 
for the subspace m corresponding to the tangential space of L holds we may 
proceed in the following way: First we determine all symmetric space m 
having G as the isometry group. After this we have to hnd for any symmetric 
space m all subalgebras h with g = m © h such that h does not contain any 
non-trivial ideal of g. For the classihcation up to isotopisms it is enough to 
take for h a suitable representative of the set {g~^h.g]g G G}. 

Since the Bol loops are strongly left alternative ( Dehnition 5.3. in [T8] ) 
every global Bol loop contains an exponential image of a complement m of 
the Lie algebra h of iL in the Lie algebra g of G, such that m generates g 
and satishes the relation [[m, m],m] C m. 


Lemma 3. Let L be a differentiable loop and denote by m the tangent space 
of L at 1 G G. Then m does not contain any element of Adgh for some 
g E G. 

Proof. For g E G the group = g~^Hg is the stabilizer of the element 
g~^ie) G L in G. □ 

The conjugation a{G/H)^ = g~^a{G/H)g of the section a of L with an 
element g E G dehnes again a sharply transitive section xH 1 —)■ a{xH)^ 
and the loop L* belonging to the triple (G, FT, a{G/Hy) is isotopic to L 
(cf. [IB], Theorem 1.11 (hi) p. 22). Moreover this loop L* is isomorphic 
to L = (G, FF, a) if and only if there is an automorphism of G leaving H 
invariant and mapping the section a corresponding to L onto the section 
a{G/Hy corresponding to L* (cf. [IB], Theorem 1.11 (i) p. 21). 
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A loop L is called a left A-loop if each = X~yXxXy : L —)■ L is an auto¬ 
morphism of L. The group G topologically generated by the left translations 
of L is a Lie group (cf. [18], Proposition 5.20, p. 75). Let g be the Lie 
algebra of G and let h be the Lie subalgebra of the stabilizer of e G L in 
G. Denote hj a : x Xx ■ L ^ G the section corresponding to L. Then 
the tangent space m = Tict(L) of the image of the section a at 1 G G is 
complementary to h and satishes the properties m 0 h = g and [h, m] C m 
(cf. [T 8 ]. Dehnition 5.18. and Proposition 5.20. pp. 74-75), i.e. g is reductive 
with respect to (h, m) in the sence of Kobayashi and Nomizu (cf. [TT] Vol 
II, p. 190). 

A differentiable loop L is called a Bruck loop if there is an involutory au¬ 
tomorphism a of the Lie algebra g of the connected Lie group G generated 
by the left translations of L such that the tangent space Tf,{L) = m is the 
— 1-eigenspace and the Lie algebra h of the stabilizer 77 of e G L in G is the 
0 l-eigenspace of a. 

3 3-dimensional Lie triple systems 

Let (m, (.,.,.)) be a Lie triple system. Denote by (g*, [.,.]) the Lie algebra 
of the group of displacements of the symmetric space belonging to a Lie 
triple system. We classify the 3-dimensional non-solvable Lie triple systems 
(m, (.,.,.)) within the group g* as subspaces with (.,.,.) = 

a) The semisimple Lie triple systems 

If m is a 3-dimensional semisimple Lie triple system then the corresponding 
Lie algebra is semisimple with 4 < dim g* < 6 ([I^, p. 219, and Theorem 
2.7. p. 222). Every semisimple Lie algebra g* has dimension 6 . To classify 
the 3-dimensional semisimple Lie triple systems we have to determine all in¬ 
volutory automorphisms of the Lie algebra g*, which leave a 3-dimensional 
subalgebra of g* elementwise hxed. This problem is equivalent to give all 
involutory automorphisms of the Lie group G*, which £x elementwise a 3- 
dimensional subgroup of G*. 

Any 6 -dimensional semisimple Lie group is locally isomorphic to one of the 
following Lie groups: 

1. PSL2iR) X ^03(M) 

2. PSL 2 IR) X PSL 2 iR) 

3. 503(M) X ^03(M) 

4. PSL 2 {C). 

1. case: The automorphism group T of the Lie group G* = PSL 2 {M.) x 
S' 03 (M) is the direct product of the automorphism group of PSL 2 {R) and 


the automorphism group of S' 03 (M). Since there is no involutory automor¬ 
phism of r leaving a 3-dimensional subgroup of G* elementwise hxed therefore 
there is no 3-dimensional Lie triple system corresponding to the Lie group 
G* = PSL2{R) X 

2. case: The automorphism group L of the Lie group G* = PSL 2 {M.) x 
PSL 2 {M.) is the semidirect product of the normal automorphism group 

Li X Li, where Li is the automorphism group of PSL 2 (R), by the group 
generated by the automorphism a : G* —)■ G*; {u,v) i—)■ {v,u). The only in¬ 
volutory automorphisms centralizing a 3-dimensional subgroup of T are the 
conjugate elements to a. Therefore there is up to conjugation precisely one 
3-dimensional Lie triple system m having the shape {(X, —X) \ X G 

3. case: In the case G* = S' 03 (M) x S' 03 (R) there is up to conjugation only 
one Lie triple system corresponding to G*. This Lie triple system has the 
form {(X, -X) I X G sogW }. 

4. case: B1 A real basis of the Lie algebra s/ 2 (C): Let us consider in 

1 0 
0 -1 


g* the following real basis {"H, T, W, i'H, iT, iL/}, where "H = 


T = 


U = (^ 1 0 y ’ algebra multiplication is given by 

the following rules: [H^T] = 2 G, [H,U] = 2r, [W, T] = 2n. 

K1 The normalized complex Cartan-Killing form kc '■ s^ 2 (C) x s/ 2 (C) —)■ C 

of sl 2 {C) is the bilinear form dehned by k£{X,Y) = -trace(adX adX). If 

X G s/ 2 (C) has the decomposition 

X = Ai ?{ + A 2 r + A 3 W + A 4 i?f + As iT + Ae iW 
then the complex Cartan-Killing form kc satisfies 

kciX) = Xl + Xl + XI - XI - XI - Xl + t {2 A1A4 + 2 A2A5 - 2 AsAg) 

(cf. [20], Section 6.1, pp. 215-228). The normalized real Cartan-Killing 
form /cr : s/ 2 (C) x s/ 2 (C) —)■ R is the restriction of kc to R such that 
/cr(X) = A^ -|- A 2 + Ag — A 3 — A| — A 5 and the basis {"H, T, G, i'H, iT, iW} 
is orthonormal with respect to /cr. 

The automorphism group T of PSL 2 {C) is the semidirect product of the 
group of inner automorphisms by the group of order 2 generated by the 
outer automorphism t : z ^ z. According to ([I5], pp. 153-154) there are in 
T precisely two conjugacy classes of involutory automorphisms centralizing 
3-dimensional subgroups. In the one class there is involutory automorphism 

a b 


fixing the group 


; a, 6 G C, aa -|- 56 = 1 > /Z 2 = S' 03 (R) elemen¬ 


twise. In the other conjugacy class there is an involutory automorphism cen- 

a b 
b a 


tralizing the subgroup 


] a, b E C, aa — bb = 1 > /Z 2 = PSL 
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4.1 The subalgebra hi isomorphic to S03(M) is generated by the basis ele¬ 
ments iH, iT,U. The Lie triple system m with the property [m, m] = hi has 
as generators 'H, T, iU. 

4.2 The subalgebra h2 isomorphic to s/2(M) has as basis elements 

The Lie triple system m with the property [m, m] = h2 is generated by the 
elements "H, iT, U. 

b) Since there is no non-solvable 3 -dimensional Lie triple system with a 
2 -dimensional radical r(m) (cf. [ 13 ], Theorem 2 . 20 . p. 227 ) we have to 
consider Lie triple systems having a 1 -dimensional radical. 

Let the subspace Rei be the 1 -dimensional radical r(m) of the Lie triple 
system m. One has m = r(m) © uq, where uq is a 2 -dimensional semisimple 
subsystem generated by 62 and 63. Since the isometry group of the sym¬ 
metric space V corresponding to uq is 3 -dimensional we may assume that 
[^2, 63] = 64 is the generator of the Lie algebra of the stabilizer of a point in 
V. 

According to Furness ( [ 1 ], pp. 44 - 45 ) we have 3 types of 2 -dimensional 
semisimple Lie triple systems. The elements 62,63 generate the Lie algebra 
of 503 (M) if and only if 


[64,62] — 63, [64,63] — —62. 


The elements 62, 63 generate the Lie algebra of PS'L2(M) if and only if either 


[64,62] — —63, [64,63] — 62 


and 64 is elliptic with respect to the Cartan-Killing form, or 


[64,62] — —63, [64,63] — —62 


and the element 64 is hyperbolic. 

Since m is a Lie triple system with the properties [[m, 6i],6i] = 0 and 
[[ 6 i,m],m] C ( 61 ) we obtain that 

1. [[61, 62], 62] = 061, [[61, 63], 63] = 661, [[61, 62], 63] = 661 

[[ei, 63], 62] = dei, [[62, 63], 61] = (d - c)6i, 
where a, b, c, d are real parameters. 

5. First let M 61 be the centre of m. Then we have [[ 6 i,m],m] = 0 
and a = b = c = d = 0 . We obtain 3 types of Lie triple systems with 
1-dimensional centre belonging to the different types of the 2-dimensional 
semisimple Lie triple systems. Now we characterize the corresponding Lie 
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algebras g*. 

5.1 The Lie algebra g* is isomorphic to the Lie algebra S03(M) © M. The 
multiplication table in g* is dehned by the following relations: 

[64,62] = 63, [64,63] = -62, [e 4 ,ei ]=0 (i = 2 , 3 , 4 ). 

There are precisely two Lie triple systems mi, m2, such that the correspond¬ 
ing Lie algebra g* is isomorphic to the Lie algebra s/2(M) ® M. 

B 2 A real basis of the Lie algebra s/2(M) ® M: Denote by 61 the generator 
of the Lie algebra M. Let 62 = ("H, 0), 63 = (T, 0), 64 = (W, 0), with "H, T, W 
dehned in Bl, be a real basis of s/2(M) ® { 0 }. Then the multiplication in g* 
is given by the following rules: 

[62,63] = 64, [64,62] = -63, [64,63] = 62, [61, 6j] = 0 (i = 2 , 3 , 4 ). 

5.2 The Lie triple system mi is generated by the basis elements 61, 62, 64. 

5.3 The Lie triple system m2 has as generators 61, 62, 63. 

If the centre of m is trivial then not all parameters a, b, c, d in the system 1 ) 
of b) are zero. Using the third property in the dehnition of a Lie triple sys¬ 
tem and an automorphism ip of the form: ip{ei) = a 61, 99(62) = /3 62 + 7 63, 
99(63) = (5 62 + 663, where / 3 e — ■jS 0 , we have the following four cases: 

6.1 The Lie triple system mi is given as follows: 

[64, 62] =63, [64,63]=—62, [[ci, 62], 62] = —61, [[61, 63], 63] =—61. 

The corresponding Lie algebra g* is isomorphic to the Lie algebra S03(R) kM^. 
Since R62, R63, R64 correspond to 1 -dimensional rotations and [[ci, 63], 62] = 
0, [[61, 62], 63] = 0, [64,61] = 0 the vectors [61,63], [61,62], 61 are the axes of 
the rotation groups corresponding to 62, 63 respectively 64. Hence 61, 65 := 
[61, 63], 66 := [61, 62] form a basis of the radical of g* = R^. We have [64, 65] = 
65, [64,65] = -60 because the rotation group belonging to 64 with the axis 
61 leaves the 2-dimensional subspace (65, e^) orthogonal to (ci) invariant. 
Similarly the rotation groups corresponding to 62 and to 63 with axes 65 
respectively leaves the subspaces (61,66), respectively (61,65) invariant. 
Hence we have [62,65] = 61, [63,65] = 61. Therefore the multiplication in the 
Lie algebra g* is determined. 

B 3 Representing the Lie algebra g* in the Lie algebra of real (4 x 4 )-matrices 
we may choose as basis the following matrices: 



( ° 

0 

-1 

0 \ 


( ° 

0 

0 

0 \ 


( ° 

0 

0 

0 \ 


0 

0 

0 

0 


0 

0 

0 

0 


0 

0 

1 

0 

ei = 

0 

0 

0 

0 

, 62 = 

0 

0 

0 

-1 

, 63 = 

0 

-1 

0 

0 


VO 

0 

0 

0^ 


VO 

0 

1 

0^ 


Vo 

0 

0 

0/ 
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64 = 


6.2 


/ 0 

0 

0 

0 \ 


/ 0 1 0 

0 \ 


( ° 

0 

0 

1 \ 

0 

0 

0 

1 


000 

0 


0 

0 

0 

0 

0 

0 

0 

0 

5 65 — 

000 

0 

5 66 

0 

0 

0 

0 

VO 

-1 

0 



0 0 0 



VO 

0 

0 

0 / 

4,62] 

= _ 

-63, 

[64,63] — 62, 

[[61,62], 62 

= 

61, [[61, 63], 63] = 

= 61 



6.3 The Lie triple m 3 is given by the following relations: 


[64,62] — —63, [64,63] — —62, [[61, 62], 62] — 61, [[61, 63], 63] — —61. 

In both cases the Lie algebra g* is isomorphic to s/ 2 (M) x From the 
relation in 6.3 we can dednce the mnltiplication table of the Lie algebra g*: 


[61,62] —: 66, [61,63] —: 65, [62,63] —: 64, [65,64] — —66, 

[61,64] = [61,65] = [61,65] = [62,65] = [63,60] = [66,65] = 0, 

[62560] = [63,65] = —61, [62,64] = 63, [63,64] = —62, [66,64] = 65. 

B 4 Representing g* as pairs of real (2 x 2 )-matrices we may choose as basis 

61 = (0, -W), 62 = (7f, 0), 63 = (r, 0), 64 = (W, 0), 65 = (0, -H), 66 = (0, T) 

with T, U dehned in Bl. The Lie triple system m2 defined by the relations 
6.2 in the basis B 4 is generated by the basis elements 62,64,65. The Lie 
triple system m3 defined by the relations 6.3 belonging to the basis B 4 has 
as generators 61, 62, 63. 

If an element X of g* = s/2(M) x has the decomposition 


— Ai 61 + A2 62 + A3 63 + A4 64 + A5 65 + A6 66 


then the Cartan-Killing form k (cf. [20] 5 p.l93) on g* satishes the relation 

K2: k{X,X) = Xl + Xl- Xl 

7 The last Lie triple system and the corresponding Lie algebra g* are 
defined by the following rnles: 

[64,62] = —63, [64,63] = —62, [[61, 62], 62] = - 61, [[61, 63], 63] = —- 61, 

[[61, 62], 63] = ^ 61, [[61, 63], 62] = 61, [[62, 63], 61] = 61. 

In this case the Lie algebra g* is isomorphic to s/ 2 (M) x Moreover the 
elements 62,63 and 64 = [ 62 , 63 ] form a basis of s/ 2 (R), snch that 62 is a 
hyperbolic, 63 an elliptic and 64 again a hyperbolic element with repect to 
the Cartan-Killing form. 
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4 Bol loops having semisimple Lie groups as 
the groups generated by their left transla¬ 
tions 


In this section we classify all 3-diniensional connected differentiable Bol loops 
having semisimple Lie groups as the groups topologically generated by their 
left translations and describe the symmetric spaces as well as the natural 
geometries associated with these loops. 

Let L be a 3-dimensional proper Bol loop, let G be the group generated by 
the left translations of L and H be the stabilizer of e G L in G. Since G is 
semisimple and 4 < dim G < 6 we have dim G = 6 . 


Proposition 4. Let G = Gi x G 2 he topologieally generated by the left trans¬ 
lations of a dimensional connected differentiable Bol loop L such that Gi 
{i = 1, 2) are 3-dimensional guasi-simple Lie groups. Then Gi {i = 1, 2) is 
isomorphic to PSL 2 (M.) and the stabilizer H of e E L in G may be chosen 
either as 

(i) Hi = | a; G PSL 2 {R)} 

or 


Proof. Denote by tt* : G —)■ G* the natural projection of G to Gi for i = 1,2. 
Let dim 7ri{H) < 1. Since H < 7ri{H) x 7T2{H) one has dim 7r2(iL) > 2. If 
dim 712 (H) = 2 then H is the direct product of 7ii{H) with 712 (H) and we 
obtain a contradiction to Proposition 1. Let 712 (H) = G 2 . If dim 77i(H) = 0 
then H = {1} x G 2 which is impossible. If 77i(H) is a 1-dimensional subgroup 
then H would be 4-dimensional since there is no non-trivial homomorphism 
from G 2 into 7 Ti(H). 

Let now dim 77i(H) = 2. We may assume that dim 772 (H) > 2 since inter¬ 
changing the indices we would obtain the previous case. Therefore each of 
the factors of G is locally isomorphic to the group PS'L 2 (R)- Since the Lie al¬ 
gebra of G 2 is simple there is no non-trivial homomorphism from 772 (H) = G 2 
into 77 i(H), so 772(H) cannot be G 2 . If dim 772(H) = dim 77 i(H) = 2 then 
77i(H) = C 2 = {ax -|- 6 I a > 0, 6 G M} (i = 1, 2) and there exist homomor- 
phisms ipi, ip2 with 1-dimensional kernels, such that (fi : 77 i(H) —)■ 772(H) and 

ip 2 : 772 (H) —)■ 77 i(H). Since iL fl G* = ker = 


to conjugation) im ipi = 


a 0 
0 a~^ 


, a > 0 > (i = 1 , 2 ) we obtain that 


77 i(H) = ker ipi im (p 2 , 772 (H) = ker (f 2 i'nr (fi 
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and H has the shape (ii). 

Finally let dini7ri(if) = 3 . From the previons argnments it follows that 
dim = 3 . If there is no homomorphism (p : Gi —)■ G2 then there is no 

3 -dimensional snbgroup FT of G = Gi x G2. If there exists a homomorphism 
(p : Gi —)■ G2 then the stabilizer H has the shape {(x, 9?(x)) | x G Gi}. More¬ 
over (p must be an isomorphism since otherwise G would contain a discrete 
central subgroup of G. Hence G can be identified with Gi x Gi, where Gi 
is isomorphic either to PS'L2(M) or S'03(M), and H may be chosen as the 
diagonal subgroup {(x,x) | x G Gi}. According to Proposition 2 d) we have 


G = PSL2{R) X PSL2{M). 


□ 


Now let G be locally isomorphic to the group PSL2{C). According to ( [T], 
pp. 273 - 278 ) there are 4 conjugacy classes of the 3 -dimensional subgroups 
of G = SL2{C), which we denote by Wr, Uq, Ui and S'f/2(C). Since SU2{C) 
contains central elements 7^ 1 of SL2{C) it follows from Proposition 2 that 
no of these groups can be the stabilizer of e G F in G. Hence it is sufficient 
to consider the following cases: 

1 . G = FS'F2(M) X PS'F2(M), and Hi {i = 1 , 2 ) is one of the subgroups given 
in Proposition 4 . 

2 . G is isomorphic to PS'F2(C) and H is isomorphic to S'03(M). 

Now we deal with the case 1 ). There is up to isomorphism precisely one Lie 
triple system m = {(X, —X) \ X G s/2(K)} corresponding to the Lie group 
PS'F2(M) X PS'F2(M) ( 2 . case, Section 3 ). 

The Lie algebra of Hi is hi = {(X, X) | X G s/2(l^)}- The Lie algebra h2 of 
H2 is generated by the basis elements: (P, P), {U + T, 0 ), ( 0 , 7 / -|- T), where 
P, lA, T are (2 x 2 )-matrices defined in Bl. We see that the intersection of m 
and hi is trivial. But the subalgebra hi contains the element (P,P), which 
is conjugate to the element (P, —P) G m under the element corresponding 



Since the intersection of m and h2 is {{U + T,—{U + T))) the subspace m 
cannot be a complement to h2 in g. 

From this discussion it follows that there is no 3 -dimensional connected dif¬ 
ferentiable Bol loop such that the group G generated by its left translations 
is isomorphic to the group PSL2{M) x PS'F2(M). 

Now we consider the case 2 . The Lie algebra h of P with respect to the 
basis Bl (4.case. Section 3 ) has as generators 7 /, iT, iP. The Lie triple 
system m = (iT, 7 /,P) given in 4.2 cannot be a complement to h in g since 
h n m = (iT, 7 /). 
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The Lie triple system m of 4.1 satisfies [m, m] = h, and g = m 0 [m, m]. 
Hence it determines a 3-dimensional Riemann symmetric space (cf. |llj . 
Chapter VI, Theorem 2.2 (hi)). According to Theorem 11.8 in ([H]) there 
exists a global differentiable Bruck loop Lq homeomorphic to and having 
G = PSL 2 {C) as the gronp topologically generated by its left translations 
snch that H = S' 03 (M) is the stabilizer of e G T in G. Since the symmetric 
spaces with PSL 2 {C) as the gronp of displacements which correspond to 
global differentiable Bol loops are isomorphic, there is precisely one isotopism 
class C of differentiable Bol loops having PSL 2 (M.) as the group topologically 
generated by their left translations (cf. Remark in section 3) and Lq is 
a representative of C. Since the subspace m corresponding to Lq is the 
hyperbolic space we call Lq the hyperbolic space loop. 

In order to determine within the isotopism class C the isomorphism classes 
we look for a suitable parametrization of the local Bol loops isotopic to 
the hyperbolic space loop. For this reason we consider all 3-dimensional 
complements to h = so 3 (M) in g = sl 2 {C) with the properties g = m 0 h, 
[[m, m], m] Cm and m generates g. We can write m in the general form: 

m= {T + aU + h iT + c m,iU + dU + e iT + f m,H + gU + h iT + k m), 

a, b, c, d, e, /, g,h,k ^ M. According to [ 21 ] (pp. 217-219) there are precisely 
two classes of the Bol complements m to h in g having the following shapes: 

= (T 0 aZY, iZ7 0 a iT, P) for a G IF\{1, —1}, 
mrf = (G 0 r, d iTZ 0 i(W 0 T), 77 0 d W) for d G M\{0}. 

A Bol complement belongs to a local Bol loop in the class C if and only if 
[m, m] is a compact subalgebra of g. Since the value of the complex Cartan- 
Killing form K1 on the element [U + T,d iP + i(lA 0 T)]g [m^, m^] is zero 
[m^, m^] is not compact. The subalgebra [m^, m^] is compact if and only if 
a G (—1,1) since [ma,mj = ( iP^lA 0 aT, iT 0 a ilA). 

In the isotopism class C = {La, a G (—1,1)} only the Bol complement mo 
satisfies the relation [h, mo] C mo. Therefore only the hyperbolic space loop 
Lq corresponding to the triple (G, if, exp mo) is a left A-loop. It is the unique 
Bruck loop in the class C. 

The complement mo = (T, iii, P) is orthogonal to h with respect to the 
Cartan-Killing form on g (see K1 in Section 3). Let m^ C g = shiC) 
be the tangent space TiaaiG/H) of the image aa{G/H) of the differentiable 
section cxa : G/H —)■ G belonging to the loop La for a G (—1,1). Two loops 
corresponding to (G, H, exp m^) and (G, ii, exp m^,) are isomorphic if and 
only if there exists an automorphism a of g such that Q;(ma) = m^ and 
Q;(h) = h. The automorphism group of g leaving mg and h invariant is the 
semidirect product 0 of Ad// by the group generated by the involutory map 
(p : z z. The Cartan-Killing form /c® is invariant under 0. Hence the 3 
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angles between nia and mo respectively between mb and mo are eqnal with 
respect to k^. The loops La and Lh are isomorphic if there exists a matrix 

B = ( ^ ^ di + d2 i \ ^ ^{B~^ ma B) = mb. This 

y —di + d2 I Cl — C21 J 

condition is eqnivalent with the following eqnations: 

T C2 T T ^2 = 1 , di C2 — Cl (^2 “ 0 ) di Ci T C2 d2 — 0 , 

Cl ^2 + C 2 di = 0, C 2 d2 — Cl di = 0, 

_ ^2 _ ^ (^2 _ ^2)) ^ ^ ^2 _ ^2 _ ^ ^^2 _ ^2)^ 

(di d2 + Cl C2 a) h = Cl C2 — a di d2, 

h {-a (c? - c^) + {dl - dl)) = -a {dl - d\) - (c? - c^), 

h (ci C2 a — dl d2) = di d2 a + Ci C2. 

The solntion of this system of eqnations is 6 = - and b = —a. Since 6, a G 

a 

(— 1 , 1 ) it follows that b = —a. Therefore the loops La, a G [ 0 , 1 ) can be 
chosen as the representatives of the isomorphism classes of the Bol loops 
La, a G (- 1 , 1 ). 

The mnltiplication of the hyperbolic space loop Lq may be given in the 3 - 
dimensional hyperbolic geometry Us explicitly. We choose a point e in Hs 
and dehne xoy = Te^xiy) for all points x,y E Us, where Tg^x is the hyperbolic 
translation along the line joining e with x and mapping e onto x. 

The hyperbolic space geometry has an elementary model in the npper half 
space = {{x,y,z) G > 0 }. We can identihcate the elements of 
with the elements of the J-qnaternion space. The J-qnaternion space is the 
3 -dimensional snbspace of the qnaternion space which is orthogonal to the 
canonical basis qnaternion k (cf. [ 3 ], p. 3 ). We can give the action of the 
gronp S'L2(C) on by the linear rational fnnctions: 7(tc) = {aw + b){cw -\- 

, a,b,c,d E ad — be = l,w = X + jy E i ,x E £■, 

y E M. (cf. [ 3 ], p. 26 ). The restriction of this action onto the snbspace 
dehnes the action of SL2{C) on the npper half space, and (w, ±7) 1—)■ 
■y{w) is the transitive action of PSL2{C) on the npper half space. Since the 
stabilizer snbgronp H = S'03(M) leaves the point j hxed, we may choose this 
point as the identity element of the hyperbolic space loop. Snmmarizing onr 
disenssion we obtain 

Theorem 5 . There is only one isotopism class C of the dimensional con¬ 
nected differentiable Bol loops L such that the group G generated by the left 


d) where 7 = 
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translations {Xx',x E L} is a semisimple Lie group. The group G is isomor¬ 
phic to PSL 2 {C) and the stabilizer H of e E L in G is isomorphic to SOsiM.). 
Any loop La (—1 < a < 1) m this class C is isotopic to the hyperbolic space 
loop Lq. The tangent space TiA of the set A of the left translations of the 
hyperbolic space loop Lq at the identity 1 E G is the plane mo through 0 in 
the Lie algebra g of G such that mg is orthogonal to the dimensional Lie 
algebra h. of H with respect to the Cartan-Killing form /cr of g. 

In the class C only the hyperbolic space loop is a Bruck loop. 

The tangential spaces Tiaa{G/H) at 1 E G for all a E (—1,1) are the Bol 
complements ma. The loops La and Lf, in C are isomorphic if and only if 
the angles between the 3-spaces and mg, respectively m?, and mg are the 
same with respect to /cr. As representatives of the isomorphism classes of the 
loops belonging to C we may choose the loops La, where 0 < a < 1. 

5 3-dimensional Bol loops corresponding to 

4-dimensional non-solvable Lie groups 

In this section we determine all 3-dimensional connected differentiable global 
Bol loops L having a 4-dimensional non-solvable Lie group G as the group 
topologically generated by their left translations. 

Since according to Proposition 2 b) a group locally isomorphic to S' 03 (R) k M 
cannot be the group topologically generated by the left translations of a 3- 
dimensional Bol loop we have to consider only the case that G is locally 
isomorphic to PS'L 2 (R) x R- Moreover, since the group G is isomorphic to 
the Lie group G* described in 5.2 and 5.3 of section 3 we have to discuss 
the following situation. 

Using the R-basis B 2 ( 5 . 2 , Section 3) the 1-dimensional subalgebras h of 

g = s/ 2 (R) X R containing no non-zero ideal of g are the following: 

hi = (e2 -h kci) 

h 2 = ((es + 64 ) -h kef) 

hs = (64 -|- kef), where k eM. 

Using the automorphism A : g —)■ g given by A(ei) = kei, A(ej) = e* for 
2 < i < 4 we may assume that k = 0,1. 

Since the Lie triple system mi in the case 5.2 is generated by the basis el¬ 
ements 61 , 62 , 64 , the Lie algebras hi and hg cannot be complements to mi 
in g. Since the elements 62 + 64 G m and 63 + 64 G h are both parabolic in 
s/ 2 (R), we have a contradiction to Lemma 3. 

Now we consider the Lie triple system m 2 = (ci, 62 , 63 ) in the case 5 . 3 . The 
intersection of hi and m 2 is not trivial, therefore m 2 is not a complement to 
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hi in g. Since h 2 nm 2 = h 3 nm 2 = {0} and there is no element of m 2 which 
is conjugate to an element of hj for i = 2,3 we have to deal with both cases. 

1 b 


For A; = 0 we have H 2 = exp h 2 = 


0 1 


,1 


and 


= exp hs = {(x, l),a; G S'02(I^)}- Now G and H are direct products 
G = Gi X G 2 , H = Hi X H 2 with Hi C Gj (i = 1, 2). The Bol loop L corre¬ 
sponding to a such pair is the direct product of a 2-dimensional Bol loop Li 
and a 1-dimensional Lie group L 2 such that the group topologically gener¬ 
ated by the left translations of the 2-dimensional Bol loop Li is isomorphic 
to PS'L 2 (M). Then G = PSL 2 (M) x G 2 , where G 2 is either M or 5*02( 
and H = H^. Moreover Li is isotopic to the hyperbolic plane loop. 

For k = 1 one has G = PS'L 2 (M) x M, P 2 = exph 2 = ' ' ' 


where 6 G M and exp m = 


,k 


X + y z 
z X — y 

and x^^ — y^^ — z'^ = 1 ([ 6 ], p. 24). If for a section a : G/H —)■ G the im- 

1 + c 1 


0 1 
with X, y,z,k G 


age a{G/H) contains expm then any coset 


, 0 P, c G 


should contain precisely one element s of a{G/H). If c 7 ^ —1 then s = 
1 + c c 

Since a : G/H G is continuous we have 



0 


G + 1 I ,0 

1 + c 
1 


-1 1 


, 0 P = hmc^_i a 


1 + c 1 
c 1 


,0 P = 


Ihuc^-i 


1 -I- c c 

+ 1 


,0 , which is a contradiction. This means 


l + c 


that there is no global Bol loop corresponding to the triple (G,P 2 ,expm). 
The other case is G = PSL 2 {M.) x 5*02 (M), P 3 = | x G 5*02 (M)} and 

expm = exp{(A 2 e 2 -hA 3 e 3 ), A 2 , A 3 G M}xexp{(Aiei), Ai G M} = MxS02{ 
such that M is the image of the section ui given by 



a ^+a 


±i/62+(a-l+a)2 

_ b _ _ a~^-\-a _ 




choosing sign(±-^ 6 ^ -|- (a“^ -|- a)^) = sign 6 if 6 7 ^ 0 and -|-1 for 6 = 0. The 
section cii corresponds to the hyperbolic plane loop (cf. [18], pp. 283-284). 
Since [[m, m], m] C m and each element g E G can uniquely be represented 
as a product g = mh with m G exp m and h G P3 we have a global Bol 
loop L dehned on the factor space G/H 3 (cf. [9|, Corollary 3.11, p. 51 and 
|18j . Lemma 1.3, p. 17). InL there is a normal subgroup G isomorphic 
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to 502 (®) and the factor loop L/G is isomorphic to the hyperbolic plane 
loop. Therefore is L the unique Scheerer extension of the Lie group 502(K) 
by the hyperbolic plane loop (cf. [H], Section 2 ). This loop is a left A-loop, 
because of [h, m] C m. But it is not a Bruck loop since there is no involutory 
automorphism a : g — )■ g such that cr(m) = — m and cr(h) = h. 

Theorem 6. There are precisely three isotopism classes Ci, C 2 , C 3 of con¬ 
nected differentiable Bol loops L with dimension 3 such that the group G 
generated by the left translations {\x]x E L} is a A-dimensional non-solvable 
Lie group. Every loop in the class C\, respectively C 2 is the direct product of 
a 2-dimensional loop isotopic to the hyperbolic plane loop with the Lie group 
R, respectively 502(R). In the class is contained up to isomorphisms only 
the Scheerer extension of the Lie group 502(R) by the hyperbolic plane loop. 

6 3-dimensional Bol loops belonging to 
5-dimensional non-solvable Lie groups 

In this section we seek for 3-dimensional connected differentiable global Bol 
loops having a 5-dimensional non-solvable Lie group G as the group topolog¬ 
ically generated by their left translations. 

Any 5-dimensional non-solvable Lie group is locally isomorphic to one of the 
following groups: 

1) P5L2(R) X R2 

2) P 5 L 2 (R) X £ 2 , where C 2 = {x \-E- ax + h] a > E R}. 

3) SOsiR) X R2 

4) 503(R)x £2 

5) The semidirect product G = SL 2 (R) x R^ such that SL 2 (R) acts in the 
natural way on R^. The group G may be seen as the connected component 
of the group of area preserving affinities of the real plane. 

Since there is no epimorphism from a 6 -dimensional Lie algebra g* given in 
section 3 onto one of the 5-dimensional Lie algebras g listed above only the 
Lie algebra g = 5/2 (R) xR^, which is the Lie algebra of the isometry group of a 
symmetric space (see case 7 in section 3) can occur as the group topologically 
generated by the left translations of a 3-dimensional connected differentiable 
Bol loop. Every 2-dimensional connected subgroup H of G, which does not 
have any non-trivial normal subgroup of G, contains 1 -parameter subgroups 
S hxing a point or contains a 1-dimensional translation group. The Lie alge¬ 
bra of S has as generator an elliptic, parabolic, or hyperbolic element of g. 
Using the relations of 7 we see that m contains elements corresponding to 
translations and mns/ 2 (R) has with 62 a hyperbolic, with 63 an elliptic and 
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with 62 + 63 a parabolic element. Therefore expm contains elements conju¬ 
gate to elements of H. According to Lemma 3 there is no 3-dimensional Bol 
loop L as section in the group PS'L 2 (M) K This consideration yields the 
following 

Theorem 7. There is no 3-dimensional connected differentiable global Bol 
loop L having a 3-dimensional non-solvable Lie group as the group topologi¬ 
cally generated by its left translations. 

7 3-dimensional Bol loops with 6-dimensional 
non-solvable Lie groups as their left trans¬ 
lations groups 

A 6 -dimensional non-solvable Lie group G can be occur as the group topolog¬ 
ically generated by the left translations of a 3-dimensional connected differ¬ 
entiable Bol loop, if G is isomorphic to a 6 -dimensional Lie group G* listed 
in the section 3. Then we have to deal with the cases, where G is locally 
isomorphic to one of the following Lie groups: 

1) The connected component of the euclidean motion group on 

2) The semidirect product of PSL2(R) ix where the action of PSL2(M.) 
on is the adjoint action of PSL 2 {M.) on its Lie algebra. 

Let us consider the first case. The 3-dimensional subgroups H of G = 
S' 03 (M) x which does not contain any non-trivial normal subgroup of G, 
are locally isomorphic to the following subgroups: Either P[ has the shape 
as in case c) of Proposition 2 and there is no 3-dimensional differentiable 
Bol loop corresponding to the pair (G, Lf) or iL = {(a, 0), a G 5 ' 03 (M)}. We 
consider the M-basis B3 of the Lie algebra g = S03(M) x given in the 
case 6.1 (Section 3). Then the Lie algebra h of iL is generated by the basis 
elements 62 , 63 , 64 and the Lie triple system m is generated by the basis ele¬ 
ments 64 , 62 , 63 . Then h fl m = ( 62 , 63 ) which is a contradiction. 

Now we discuss the second case. Then the group multiplication is given 
by 

(Ai, Xi) o (A2, X2) = {Ai A2, A2 ^ Xi A2 -|- X2), 

where {Ai,Xi), i = 1,2 are two elements of G such that Xi i = 1,2 are 
represented by 2 x 2 real matrices with trace 0. We use the M-basis B4 
of the Lie algebra g = s/ 2 (M) x (6.3, Section 3). The 3-dimensional 
subalgebras h of g containing no non-zero ideal of g are the following: 
a) (e2, 65, 64 + Cq ), 
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b) (e 2 + k 65 , Cl, ee), where /c G M, 

c) (63 + 64, 65, 61—66), 

d) (62, 63 + 64, 61 - 66), 

e) (62, 63, 64), 

f) ( 64 ) 65, 65) • 

First we deal with the Lie triple system m of (6.2 in section 3) generated by 
the basis elements 64, 62, 66- If the Lie algebra h has the shape a), b), d), e) 
and f) then the intersection of h with m are the subspaces ( 62 ), ( 65 ), ( 62 ), 
(62, 64), or (64, 65) respectively. In the case c) the elements 62 + 64 G m and 
63 + 64 G h are parabolic and the parabolic elements of s/2(M) are conjugate 
to each other. This is a contradiction to Lemma 3. 


Let us treat the Lie triple system m of (6.3 in section 3) which is generated 
by the basis elements 61 , 62,63 and the image of m under the exponential 
map. 

The exponential map exp : g —)■ G is dehned in the following way: For 
X G g we have exp X = 7x(l), where 7x(t) is the 1-parameter subgroup of 
G with the property = X. In the 1-parameter subgroup a{t) = 

{l3{t),'y{t)) of G with the conditions a{t = 0) = (1,0) and = 

(Xi,X2) = X G g the hrst component /3(t) is the 1-parameter subgroup of 
PSL 2 (M.), and the second component satishes 


-Xi7(t)+7(t)Xi+X2. 


For X 




a 

c 



and X 2 = 
, one has 


k 

y 


u \ 

^ 1 , with a, b, Cjk^u^y G M and 


d 

dt 


lif) 


dt 


r{t) |s(t) 


dAt) -dAt) 


-a -b\ f r{t) s{t) \ 

—c 0 . J \ '^(^) ) 


( r{t) s{t) \ f a h\ f k u\ 

\ v{t) -r{t) y\^c -a \ y -k ) 

with the following properties: 

r(0) = s{0) = v{0) = 0 , j^\t=oA) = k, J^LoA) = JtLoA) = V, 



—bv(t) + cs(t) + k 


A 

’ dt 


s(t) = 2{br(t) + as(t)) + u, 
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dt 


v{t) = 2{av{t) — cr{t)) + y. 


The solution of this inhomogeneous system of linear differential equations is: 

. ^ 1 
r(t) = 

1 

8 ( 0 ^ + be) 
s{t) = 


j^2V^c t _ ^-2V^c - bay + 2 kcb) + 

8 (a 2 + 6 c)t 

[■(gVa^+fec t _ g-Va^+fec 4 ^^^^ _|_ 4,aby)] , 

^^2V^^c t _ ^-2V^F+hc + ui)c - 2 bak + 2 a\) + 


8(0^ + bc)'2 


8(a^ + be) 
v(t) = 


[(< 


\/ o?+bc t —\/o?+bc t \2 


— e 


)‘^{—2bk + 2au) + t{4:b‘^y + 4m6c + 8 fca6)], 


8(0^ + 6c) 2 


(g 2 V?+C t _ <)( 2 ^a 2 _ 2cka + ic;/ - c\)+ 


[(' 


Va‘^-\-bc t —Va^+ 6 c £'\2 


— e 


8 ( 0 ^ + be) 

It follows exp m = {exp(Xi, X2)}, where Xi G 


)^{—2ay + 2ek) + t{8eka + Ac^u + Abey )]. 


-^2 -^3 

A3 —As 


, A2, A3 G 


and Xo G 


0 -Ai 

Ai 0 


, Ai G 


The hrst component of exp m is 


(exp(Xi,X 2 ))i = 






sinh \/~A 

y/A 


yJ~A 


sinh vCd 

VC 4 


A3 




A3 


VA / 


where A = A^ + A3 (cf. [B], p. 24 ); the second component of expm is 
r(l) s(l) 


(exp(Xi,X 2))2 = 


u(l) —r(l) 


, where 
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The Lie algebra h of the stabilizer cannot have the shape a), b), d) and e) 
since in these cases the intersection of h with m is the snbspace (02), (ei), 
(02) and (02, 03) respectively. 

In the case c) we have hflm = 0 , there is no element of m which is conjngate 
to an element of h and 


H = 


;b,ej e 


I b\ e f 

0 1 y ’ V 0 

To prove that in this case there is no global Bol loop we may proceed as we 
did it for the gronp G = PSL2{M.) x M and for the stabilizer 


exp h2 


1 b 
0 1 



b e 


since the hrst component of H is eqnal 


to the hrst component of exp h2 and the hrst components of exp m are the 
same in both cases. 


Now we assnme that the stabilizer H has the shape f). Since the gronp 
S'L2(M) has no 3 -dimensional linear representation the gronp G is isomor¬ 
phic to the semidirect prodnct of PS'L2(M) x and H may be chosen as 
cost sinf \ / —X y 
— sin t cos t J \ y X 
We have [m, m] = h, g = m © [m, m] and therefore the corresponding loop 
L realized on G/iL is a Brnck loop. We prove that this loop is global. 

For the connected simple Lie gronp PS'L2(R) there exists a nniqne decom- 


H = 


± 


e [0,2n),x,y e 


position g = 


0 


± 


a 

b a 

t G [ 0 , 27 r) (cf. [7], p. 525 ). Since 


cost 

sinf 


sinf 

cost 


, where a > 0 , 6 G 



cos t — sin t 
sin t cos t 


0 M \ / / cos t sin t \ \ f k I \ 

—u 0 y y y — sin f cos t y y \ I —k J 


f 0 m \ f k ^ \ ( k u +1 \ 

y —u 0 y y / —k J y I — u —k J ’ 

each element of G can nniqnely be written as I ± 



ai 0 

bi 




0 u 
—u 0 


± 


cos t sin t 
— sin t cos t 


k I 
I -k 


with 


a, b,c,dE R, ad — be = 1 , x,y,z E R, Oi > 0 , 61, n, A;, / G R, t E [ 0 , 27 r), snch 


that k = X, I = 


,u = 


-. The snbmanifold exp m is the image of 


a section r : G/P —)■ G if and only if each element g E G can nniqnely be 
represented as a product g = m h with m E exp m and h E H or equivalently 
m = g h~^. It is sufficient to prove this for each element g E G with the 
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shape 


a 0 


,-i 


0 u 
—u 0 


,a > 0 ,b,u E 


The hrst component of exp m is precisely the section cxi of the hyperbolic 
plane loop given before Theorem 6. Therefore for given a > 0 , 6 G M we have 
unique A2, A3 G M, f G [0, 27 r) such that 


cosh VA + 

sinh \/i4 

VA 


sinh %/a 

VA 


As 


sinh VA 


Aa 


Aa 


cosh ^fA - 


As 


1' a 0 
y b a~^ 


cos t sin t 
— sin t cos t 




where A = A| + A|. Hence we have to consider the second component of 
exp m. For given u, A2, A3 we have to hnd unique Ai, fc, / G M such that 


/ r(l) s(l) \ k I + u\ 

y u(l) —r(l) J yl — u —kj'’ 


where r(l), s(l), u(l) are values of functions, which depend on the variables 
Ai, A2, A3. Since for Ai we obtain the equation 


2 u = 


-Ai 


A2 + A| 


_ g-2-\/A|+A|^ 


we have the unique solutions Ai 


— 4 :U%/X 2 + A| 

g2-y/T|+A| _ g-2y'A^+A§ 


r(l) and 


_ g(l) +-^( 1 ) 

2 

Summarizing the above discussion we see that exp m is an image of a global 
section a : G/H -A- G. The section a determines a global Bol loop (T, *) 
since [[m, m], m] Cm and therefore the equation x * a = b has the solution 
X = a~^ * [(a *b) * a~^] for all a,b E L (cf. [ 9 ], Corollary 3 . 11 , p. 51 and [T8] . 
Lemma 1 . 3 , p. 17 ). We call the loop (L, *) the pseudo-euclidean space loop. 


In order to determine within the isotopism class C of the pseudo-euclidean 
space loop (L, *) the isomorphism classes we consider arbitrary complements 
m to the Lie algebra h of the stabilizer if of e G L in g. These complements 
have the form: 


(ei + 0164 + 0265 -t- 0366, 62 + 6164 ^265 + ^366, 63 + 6164 + 6265 -1- 6360) 
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where ai, 02,03, 6i, 62, ^3, Ci, C2, C3 G M. Such complements are Bol comple¬ 
ments if and only if 

m = mf,3^c3,c2 = (ci ~ ^360 -|- 6365, 62 -|- 0260 -|- 6364, 63 -|- €265 -1- €364), 

where 02,03,63 G M, and 63 + O3 7^ 1 . According to remark in section 2 

the subspace mfe3^c3,c2 belongs to a loop within the isotopism class C if and 
only if the subalgebra h;,3^c3,c2 = [mb3,c3,c2; mb3,c3,c2] is the Lie algebra of the 
semidirect product of a 2 -dimensional normal translation group T by a 1 - 
dimensional rotation group S. It follows that then hi,^^c 3 ,c 2 = t © s, where 
t respectively s is the Lie algebra of T respectively of S and the Cartan- 
Killing form k given by K2 in section 3 is zero on t and negative on s. Since 
[mfe3,c3,c2,nife3,c3,c2] = {di,d2,d3) with 

di = (1 — 6|)e0 — €361 — 1^2 = (1 — c|)e5 + 6361 — 

(^3 = 64 + €363 + 6362 + 020365 + 630260, 

the subalgebra (^1,^2) is an ideal of h53 C3,c2 and k^d^) < 0 if and only if 

6i + oi < 1. 

The Bol complements mfe3^c3,c2 with 6| + c| > 1 are according to Remark in 
section 2 symmetric spaces belonging to the Lie triple system given in 6.2 
(section 3 ). But the local Bol loop corresponding to g = 11153 C3,C2 ® ^ cannot 
be extended to a global Bol loop. 

The loop L belonging to (G, iL, exp 11153^23,£2); ^3 + < 1 and the loop L' 

corresponding to (G, H, exp 1115^ 4), b'^ + 63^ < 1 are isomorphic if and only 

if there exists an automorphism a of g such that Q;(m5^ c^) = m53^c3,c2 and 

Q;(h) = h. The automorphism group A of the Lie algebra g leaving h invari¬ 
ant consists of linear mappings determined by the basis transformations: 

OL (Ci) = CL 61, 
a (60) = 62 60 + 64 65, 
tt (65) = -6 64 60 +6 62 65, 
cc (64) = E 64 + ^5 60 + (i0 65, 

. X 62 64 f - 

a a \ 

. X 62 ^4 

a (63) = 6— 63 - 6 — 62 + 

a a 

where 6 G { 1 , — 1 } and for the real parameters a, 62, 64, d^, d^, f^, fe the prop¬ 
erties = 62 + 64 7^ 0 and 62 fe = 64 /s are satished. 

According to K2 (Section 3 ) the Cartan-Killing form k is invariant under a. 
Hence the 3 angles between 11153 C3,C2 and lii := mo,o,o respectively between 
iaib^,4,4 and lii are equal with respect to k. 

Now we compute the isomorphism classes of the loops Lij^^c3,c2- Since the 
automorphism 7 of g given by 7(61) = —61, 7(62) = —62 — 2c2 64, 7(63) = 
—63 — 2 c 2 65, 7(64) = 6i for i = 4 , 5 , 6 maps m53^c3,c2 oato m53^c3,o we seek for 


-£ d ^ 64 © 6 d ^ 62 


~ (^5 62 — dQ 64 


Cl + /s 60 + fe 65, 


61 — sfe 60 +6/5 65, 
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which real triples (63,03,0) and (63,03,0) there is an antomorphism a in A, 
snch that Q!(m^ 0) = m^g c3,o- This condition is eqnivalent to the following 

system of eqnations: 

—a 03 = —Og 62 — e: 63 64, 

a 63 = —C3 64 + 5 63 62, 

a (/s + 63 ds) = (e: ds 64 - e: de 62) 03, 

® (/e + ^3 de) = (—e ds 64 + e dg 62) 63, 

® (~^ /e + C3 dg) = (dg 62 + de 64) 03, 

® (^ /s + C3 dg) = (—dg 62 — de 64) 63. 

Solving this system of eqnations we see that the loop La = Ldfl^ for 0 < d < 1 
is a representative of the isomorphism class consisting of loops Lb^ c3,c2 with 
V^3 + o| = d. The psendo-enclidean space loop (L, *) = To,o,o is a represen¬ 
tative of the isomorphism class consisting of the loops To,o,c2) C2 G M. 

A loop isomorphic to L is a Brnck loop and hence mo,o,c2 is rednctive to h 
in g. If 0,0 with d 7^ 0 were rednctive to h in the Lie algebra g then for 
64 G h and Ci -f d 65 G rrifi 0,0 fhe element [64, ei -f- d 65] = d eg G h wonld be 
contained in which is a contradiction. 


By E{ 2 , 1 ) we denote the psendo-enclidean space the points of which are 
represented by the matrices 


id,y) 



X k +1 
k — I —X 


where x,k,l G M, and which has as norm 11 (/, F) 11 = x^ + k‘^ — The gronp 
G acts on the space E( 2 , 1 ) in the following way: For given {A,X) G G and 
(/,F)gE(2,1) 

(*) (A,X)*(/,F) = (/, A-iFA + X). 


The norm is invariant nnder the action of G, therefore G is the connected 
component of the motion gronp of E{ 2 , 1 ). 

The 3 -dimensional psendo-enclidean geometry E{ 2 , 1 ) has also a represen¬ 
tation TZ on the affine space snch that the motion gronp consists of the 
affine mappings 

{B, 6) : {x, y, z) ^ {x, y, z)B'^ + 6, 


where B = 


Cli 

02 

03 

61 

62 

63 

Cl 

C2 

C3 

1, and 6 

/ 


uj : 



with det B = 1 , al + a^ = Og + 1 , 6^ -I-62 = 63 -|- 1 , 


c? + c| = c| — 1 , and 6 = (61, 62, 63) ([ 2 ], Kapitel 6). The mappings 

k I + n 
I — n —k 


{k, I, n) 
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and 


: ± 


/ / da + be 
bd — ca 


V 


cd 

a? + d? 


ba 

b‘^ 


X y + z 
y — z —X 
cd + ba 


I-)- 


d^ + r 


a 


c 


V 


bd + ca 


d^-b^-a‘^ + c2 d^ + b^ + a^ + c2 




/ 




[x,y,z) 




I, 


, a:, ?/ G M > invariant. The points of P satisfy x‘^ + y'^ > 0 . 


establish an isometry from E{ 2 ,1 ) onto TZ ([ID], PP- 97 - 103 ). 

The stabilizer H which is the image of the Lie algebra of the shape f) under 
the exponential map leaves in T^( 2 , 1 ) the plane P consisting of the points 
X y 

y -X 

The planes of 77 . the points (x, y, z) of which satisfy x"^ + y"^ > ^ are called 
euclidean planes. The connected component f 7 (G) of the motion group of 77 
acts transitively on the set T of the euclidean planes and the set f2(exp mo,o,o) 
is sharply transitive on T. The planes of T can be taken as the points of the 
pseudo-euclidean space loop (L, *) such that the multiplication is given by 
(**) Qi * Q2 = rp,Qi(Q2), for all Qi,Q 2 e T, 
where tp^Qj is the unique element of f 2 (exp mo,o,o) mapping the plane P, 
which is the identity of L onto Q\. 


From the above discussion we obtain the 


Theorem 8. There is only one isotopism class C of the 3 -dimensional con¬ 
nected differentiable Bol loops L such that the group G generated by the left 
translations {A^;; x ^ L} is a Q-dimensional non-semisimple and non-solvable 
Lie group. The group G is isomorphic to PSL2(M.) x where the action 
of PSL2(Mf) on is the adjoint action of PSL2{Mf) on its Lie algebra. The 
stabilizer p[ of e & L in G is isomorphic to 


H 



cos t sin t 
— sin t cos t 


-X y 

y X 


■p e [ 0 , 27 r],a;,|/ G 


The class C consists of Bol loops Lh^^c3,c2, where 63, C3, C2 are real parameters 
and <1. As a representative ofC one may choose the pseudo-euclidean 

space loop L = Lqqq. This loop is a Brack loop. 

The tangential spaces Tia{G/H) of the loops Lb^^c3,c2 at 1 E G are the Bol 
complements m;,3_c3,c2- loops L and L' in C are isomorphic if and only if 
the angles between the 3 -spaces nib^^c3,c2, ond the 3 -space rii = mo,0,0 

are the same with respect to the Cartan-Killing form. As representatives of 
the isomorphism classes of the Bol loops Lb^^c3,c2 chosen the Bol loops 

Ld = Ldfifl for d G [ 0 , 1 ). 
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The pseudo-euclidean space loop (L, *) has a representation on the manifold 
']/ of euclidean planes in the 3 -dimensional pseudo-euclidean geometry IZ with 
the multiplication is given by the formula (**). 

8 Construction of 3-dimensional differentiab¬ 
le loops within the pseudo-euclidean space 

Let TZ be the 3 -dimensional pseudo-euclidean affine space. We embed the 
affine space into the projective space P3(M) such that {x,y,z) 
k{l,x,y, z), k G M\{ 0 }. Then the projective plane E at inhnity consists 
of the points {k{ 0 ,x,y, z) \ x,y,z G M.,k G The cone x"^ -\- y^ — 

z^ = 0 of the affine space intersects the plane E in the conic given by 
C : {k{f),x,y,z) \ x"^ + y"^ = z‘^,k{ 0 ,x,y, z) ^ ( 0 , 0 , 0 , 0 )}. The conic C 
divides the points of E\C in two regions i?i, i?2- The points ( 0 , x, y, z') of R\ 
respectively of are characterized by the property x^Ry^ < z^^ respectively 
x^ R y^ > z^. 

Let T be the manifold of planes which intersect the plane E in lines contained 
in the region i?2, i-e. in lines which do not meet C. There is a polarity tt of i? 
such that the absolute points of tt are the points of the conic C. The polarity 
TT interchanges the points of R\ with the lines of i?2- We may assume that 
the connected component of the motion group of G = PSL2{M.) x on 7 ^ 
is given by the Lorentz transformations. Since any translation of leaves 
E pointwise hxed the group induced by G on i? is isomorphic to PSL2(M) 
and it is already induced by the stabilizer T of ( 0 , 0 , 0 ) in G. 

Let S be the submanifold of T = PSL2{MZ) which is the image of the section 
(Ti defining the hyperbolic plane loop (cf. Ui before Theorem 6) and let A be 
a 1 -dimensional translation group leaving a line S invariant which intersects 
any plane of T in precisely one point and contains the point ( 0 , 0 , 0 ). We 
show that the product 0 = AS acts sharply transitively on the planes of T 
and may be taken as the image of a section for a differentiable 3 -dimensional 
loop La having G as the group topologically generated by its left translations. 
Let Di, D2 be planes belonging to T. We show that there is precisely an 
element p = uS with 5 G S and u E A such that p{Di) = {u 6 ){Di) = D2. 
Let Wi = Di n E and W2 = D2 n E. The lines Wi and W2 are contained 
in the region R2. Hence 7r(lTi) and 7r(W2) are points in Ri. In S there is 
precisely one element S such that S{ 7 i(Wi)) = ti{W2). But then 5 {Wi) = W2 
and 5 (L)i) is parallel to D2. Let Si = Di n S and S2 = D2 A S. Then there 
exists precisely one translation a; in A with a;(si) = S2 and a;( 5 (Z 7 i) = D2. 
Let P be a plane of T containing the point ( 0 , 0 , 0 ) and H be the stabilizer of 



P in G. Then for the manifold 0 , which topologically generates G, one has 
QnH = {!}. Let J = PnE and L{P) be the line joining the points ( 0 , 0 , 0 ) 
and 7r(J). This line intersects any plane of T in precisely one points. Let 
Al(p) be the 1 -dimensional translation group leaving the line L{P) invariant. 
The multiplication for the loop with the identity P may be dehned as 

follows: 

(X, F) !-)■ i^(rj,Q(P),v:)(Tj,Q(F)) : T X T -)■ T, 

where tj^q is the unique element in S mapping J onto the line Q = X H E 
and uj{rjQ{p),x) is the unique translation in mapping the plane tj^q{P) 

onto X. 

Let K be the 1 -dimensional compact subgroup of T which leaves the line J 
invariant. Then K fixes 7r(J) and leaves the line L{P) pointwise invariant. 
Since S C T is the image of a section corresponding to the hyperbolic plane 
loop with the identity 7r(J) we have = S and gAL(p)g~^ = Al{p) for 

all g & K. Hence the loop has a 1 -dimensional compact group of 

automorphisms. 

Let A* be a 1 -dimensional translation group such that the lines S which are 
invariant under A* intersect any plane of T, but S r\ E ^ Then the 

loop La* with identity P which corresponds to the section A*S and to the 
stabilizer El is not isomorphic to the loop This can be seen in the 

following way: The group K P H does not leave S invariant and hence does 
not normalize A*. It follows that gQg~^ = gA*J]g~^ = {gA*g~^)gTjg~^ = 
{gA*g~^)T, ^ 0 and K does not consists of automorphisms of the loop La*. 
Every loop Lg-ix*g with g E K is isomorphic to La*. 

No loop La is a Bol loop since otherwise for elements 1 7^ A G A and 1 7^ 
p G S the element (Ap) ■ 1 • Ap should be in AE. But one has ApAp = 
ApAp“^p^ ^ AS since ApAp“^ ^ A. The submanifold 0 is the image of a 
differentiable section. Hence the multiplication of La as well as the mappings 
(a, b) H-)■ a\b : La x La —t La are differentiable. Let Di and D2 be elements 
of Aa and Di H E = Wi for i = 1 , 2 . Since the mapping (Wi, W2) tj^q G 
E with tj^q(Wi) = W2 as well as for parallel planes Di and D2 the map 
(L*!, D2) —)■ ujdi,D2 ^ A with = ^2 are differentiable any loop La 

is differentiable. 
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